Abstract-In this paper, we extend the concept of dynamic manipulability to evaluate the dynamic property of multifingered grasping systems consisting of a multifingered hand and a grasped object, and propose a measure of dynamic manipulability of multifingered grasping. Similar to the original dynamic manipulability, the proposed measure evaluates the mapping from a set of realizable joint torques to a set of resultant accelerations of the grasped object, which forms an ellipsoid under a constant internal force constraint. It is clearly shown that the internal forces not only affect the volume of the ellipsoid, but also the amount of offset of the ellipsoid, while the gravity forces simply induce an offset. A new measure, i.e., omnidirectionality, is introduced to add a penalty to the original manipulability measure, which simply evaluates the volume of the ellipsoid, depending on how much the ellipsoid is offset. Numerical examples by using a simple two-fingered robot hand are shown to demonstrate the effectiveness of the proposed measure.
I. INTRODUCTION
Dynamic manipulability was originally proposed as a measure of dynamic property for single manipulators [17] . 1 In this paper, we extend the concept of dynamic manipulability to evaluate the dynamic property of multifingered grasping systems consisting of a multifingered hand and a grasped object. In a sense, each finger of a multifingered robotic hand can be regarded as a small manipulator. However, we cannot simply apply the measure for single manipulators to each finger of the hand, because each finger does not move independently in most cases, rather the fingers move cooperatively. Therefore, we must consider the dynamic manipulability of multifingered systems under the kinematic constraint, including the contact model (e.g., point contact or rolling contact), internal forces (or grasping forces), and the contact condition (i.e., friction condition).
The original manipulability concept, which evaluates the mapping from joint velocity to the reference point velocity, was extended to the multiarm case by several researchers. Lee defined the dual-arm manipulability [13] and Chiacchio et al. [4] formulated the manipulability of cooperating robots in a more general way. Bicchi et al. [1] generalized the concept of manipulability for coordinated manipulation, including the case of kinematicaly defective element (i.e., lacking enough degrees of freedom), such as whole-arm manipulation and power grasping. Bicchi and Prattichizzo further extended the manipulability measure for cooperating robots with passive joints [3] .
So far, just a few research works focused on the dynamic manipulability problem for coordinated robots. Chiacchio et al. extended their work [4] to task space dynamic analysis and introduced the dynamic manipulability ellipsoid for multiarm systems [5] . They also discussed the effect of gravity in [5] as they discussed for the single-arm case [6] . In their formulation, however, the effect of internal forces, which is an important aspect of multifingered grasping, was not explicitly considered. Bicchi et al. [2] formulated the dynamic manipulability as a ratio between the input joint torque and the resultant grasped object acceleration. Again, no internal forces are explicitly considered in their formulation. Zheng et al. [21] proposed a dynamic manipulability measure of multiple robotic mechanisms in coordinated manipulation. Instead of calculating the volume of the dynamic manipulability ellipsoid, they calculated a convex polyhedron as a set of feasible accelerations of the grasped object (acceleration polytope) under the joint torque limitations and friction constraints. However, calculating the convex polyhedron is computationally expensive (no analytic method), and the effect of internal forces is not clear in their method.
When a robotic hand grasps an object, certain amount of grasping forces must be applied. This internal force may sacrifice the ability to accelerate the object, since the realizable torque for each joint is limited. Then, it would be possible to define the dynamic manipulability of multifingered grasping as the set of all possible maximum accelerations of the grasped object by all possible fingertip forces under the friction condition. Unfortunately, such a set is difficult to obtain analytically. In this paper, we extend the concept of the original dynamic manipulability to evaluate the dynamic property of multifingered grasping systems consisting of a multifingered hand and a grasped object, and propose a measure of dynamic manipulability of multifingered grasping. It will be shown that by applying all possible joint torques under a constant internal force constraint, the set of resultant accelerations of the grasped object forms an ellipsoid (dynamic manipulability ellipsoid of multifingered grasping). Similar to the original dynamic manipulability measure, we can easily calculate the volume of this ellipsoid, which is defined as a measure of dynamic manipulability of multifingered grasping. Therefore, to evaluate the dynamic manipulability of a multifingered system, one has to specify certain internal forces under which all possible fingertip forces satisfy the friction condition.
The ability to apply internal forces by a robot hand can be evaluated by the internal force manipulability defined in [3] or [4] . However, the internal force manipulability in [3] and [4] is just for evaluating the mapping from the joint torque space to the resultant internal force space. What we want to evaluate is the mapping from the joint torque space to the resultant grasped object acceleration space under a certain amount of internal force.
With the proposed measure, it will be clearly shown that the internal forces not only affect the volume of the ellipsoid, but also the amount of offset of the ellipsoid, while the gravity forces simply induce an offset. A new measure, i.e., omnidirectionality, is also introduced to add a penalty to the original manipulability measure, which simply evaluates the volume of the ellipsoid, depending on how much the ellipsoid is offset. Numerical examples by using a simple two-fingered robot hand are shown to demonstrate the effectiveness of the proposed measure, including the effect of offsets of the ellipsoids.
II. DYNAMICS OF A MULTIFINGERED HAND SYSTEM

A. Grasping Constraints
To realize a fingertip force in any direction in 3-D space, a finger must have at least three (usually rotational) joints that are not all in parallel. Although it is possible to deal with redundant fingers, having more than three joints, we assume a robotic hand with n (≥3) fingers, each of which has three joints to make the following formulation simple. In order to study 2-D tasks like the one shown in the numerical example in Section IV, the hand will be reduced to n (≥2) fingers, each of which has just two joints.
We assume that each finger makes a frictional point contact with an object, including fixed point contact and hard rolling contact without moment around the contact normal. Although the following formulations cover rolling contact with a round fingertip, as shown Fig. 1 , no essential effect of rolling contact constraint will appear because we neglect velocity terms when we discuss the dynamics of the total system. It would also be possible to deal with the soft-finger contact (or pure rolling contact) case. In such a case, each finger must have at least four joints, but the minimum number of fingers becomes just two even for 3-D space.
As shown in Fig. 1 , a base coordinate frame Σ R is attached to the hand base and an object coordinate frame Σ B is placed at the gravity center of the object. Each fingertip coordinate frame Σ F i is located at the reference point of the ith fingertip (i = 1, . . . , n). Position and orientation of Σ B with respect to Σ R are represented by a vector p B ∈ 3 and a rotation matrix R B ∈ 3 ×3 , respectively. In the same way, position and orientation of Σ F i are given by p F i ∈ 3 and R F i ∈ 3 ×3 , respectively. The ith finger's contact point is denoted by p C i ∈ 3 . In the case of fixed point contact, Σ F i could be located at p C i .
If no tangential slip occurs at the ith finger's contact point, we get the following constraint between the object velocity and the fingertip velocity [9] , [20] :
where ω B ∈ 3 and ω F i ∈ 3 denote angular velocities of the object and the ith fingertip, respectively. Matrices D B i ∈ 3 ×6 and D F i ∈ 3 ×6 are defined as follows:
where [·×] denotes a skew-symmetric matrix that is equivalent to the cross-product operation. Note that (1) represents the contact point velocity in the case of fixed point contact. Also note that (1) is valid for hard rolling contact as long as no tangential slippage occurs [20] . A fingertip velocity and the corresponding joint velocities are related by
where θ i ∈ 3 denotes the joint vector of the ith finger and J F i ∈ 6 ×3 is the Jacobian matrix of the ith finger. From (1) and (4), we define the following Jacobian matrix:
We will represent the object velocity as a 6-D vector
T . From (1) and (5), the constraint between the joint velocityθ = col[θ 1 ,θ 2 , . . . ,θ n ] ∈ 3 n and the object velocity v B is given by
where
3 n ×3 n . Equation (6) represents the kinematic constraint for grasping, and can be rewritten as
B. Dynamics of the Hand and Grasped Object
Dynamic equation of the ith finger is given by
where τ i ∈ 3 and f C i ∈ 3 denote the joint driving torque vector and the fingertip force vector of the ith finger, respectively. In
means the Coriolis and centrifugal forces, and g i (θ i ) ∈ 3 is the gravity force. Usually, hand fingers accelerate and decelerate quickly in relatively small workspace and their speed is relatively low. In such cases, the inertia term and the gravity term dominate, and we can neglect the velocity term. Combining (10) for all n fingers, we then get
3 n . Differentiating (6), we get
Here also, we neglected the velocity term. Next, the dynamic equation of the grasped object is given by the following equation:
where M B ∈ 6 ×6 denotes the inertia tensor of the object and t B ∈ 6 is the total force/moment vector applied to the object by the hand.
For the same reason, we dropped the terms of Coriolis and centrifugal forces in (13) .
From the principle of virtual work, we get
Combining (11), (13), and (14), we get the dynamic equation of the total system as follows:
To make the previous equation solvable, we have to combine it with the differentiation of (7) (again,Ψv is dropped), and obtain
Inverse of the coefficient matrix of (19) is given as
where we are not interested in (1, 2) and (2, 2) elements because of the structure of the right-hand side of (19) . Let the following matrix be defined:
Then, (2, 1) element of (20) is given by the following equation:
From (22), we get the general solution of f C for (19) as
Before computing (1, 1) element of (20), we define the following matrix:
Using (24),v for (19) can be solved aṡ
Then, the general solution ofv B is given bẏ
C. No Gravity Case
We first formulate the case with no gravity effects, i.e., g B = 0 and g F = 0. Then, (26) becomeṡ
Introducing weighting matrices Wv and W τ , we normalize both sides of (27) asv
Diagonal matrix W τ ∈ 3 n ×3 n consists of the maximum joint torques of each joint and its inverse normalizes the joint torque vector. The normalized (dimensionless) joint torque vector is denoted asτ . Similarly, Wv denotes a weighting matrix for acceleration so thaṫ
vvB becomes a normalized (dimensionless) acceleration vector or a weighted acceleration vector having components with the same physical unit.
From (23), the solution of fingertip force under no gravity becomes
General solution of f C for (14) can be given by the following equation:
The second term of the right-hand side of (30) represents the internal force component of the fingertip forces. Matrix E ∈ 3 n ×(3n −6) consists of several unit vectors heading to one contact point from other one. Specifying the magnitude of internal force components by f I , fingertip forces in the null space of D T B can be represented in a nonredundant manner. A general method to define E for n fingers is given in [18] .
Since Ef I is in the null space of D T B , it can be represented as
From (31), the internal force component vector is obtained as
From (28) and (32), we finally get the following equation:
This is the basic equation to derive the dynamic manipulability of multifingered grasping in Section III.
D. Effects of Gravity
In the previous section, we neglected the gravity effects. Here, we calculate the offsets of object accelerations and the internal forces due to gravity.
Let us consider the case where only gravity forces are applied. First, from (26), the acceleration of the grasped object is given aṡ
This is the offset of the grasped object acceleration due to gravity. Similarly, from (23), the fingertip force under gravity is given as
From (31), the offset value of internal force components due to gravity is given as
Positive components of f I g mean that the gravity effects contribute to increasing the internal force along these components, and vice versa for negative components.
III. DYNAMIC MANIPULABILITY OF MULTIFINGERED GRASPING
A. Definition of Dynamic Manipulability of Multifingered Grasping
Considering the relation amongτ ,v B , and f I in (33), the joint torque that realizes a given object acceleration cannot be determined uniquely, because of the existence of the internal force component. However, keeping the internal force vector f I constant, we can obtain a one-to-one relation between object accelerations and joint torques. It would be possible to define the dynamic manipulability of multifingered grasping as a set of possible maximum accelerations of the grasped object with all possible fingertip forces that satisfy the friction condition, where internal force may change depending on the direction in which the grasped object is accelerated. Unfortunately, such a set cannot be obtained analytically. In this paper, we define the dynamic manipulability of multifingered grasping as a function of internal forces so that the manipulability ellipsoid is analytically defined like the original manipulability measure.
Note that we must set the internal forces so that all possible fingertip forces satisfy the friction condition between the fingertip and the object to make the grasping feasible. In the following formulation, we assume that a given internal force satisfies the friction condition and the fingertips keep contact without any slippage. In Section III-B, we will discuss how to find such internal forces.
With a fixed internal force vector f I , the equation Γ Fτ = f I , which is obtained from (33), represents (3n − 6)-dimensional constraint. Under such constraint, joint torque vectors in 3n-dimensional space are constraint on the 6-D hyperplane, as shown in Fig. 2 , where the unit hypersphere ofτ is cut off by this hyperplane. Namely, by keeping the internal force component constant,τ is constrained within the intercept region shown in Fig. 2 , thus resulting in a 6-D hypersphere in 3n-dimensional space. The resultant object acceleration set by the set of joint torques inside this 6-D hypersphere becomes a 6-D ellipsoid in 3n-dimensional space, as shown in Fig. 3 , which has an offset in the direction of f I . 
The necessary and sufficient condition to obtain (37) is that matrix Γ + F is full-rank. Since τ 0 and τ * are perpendicular, we get
From (38), we set an arbitrary vector ξ as follows:
whereτ * denotes an arbitrary vector within the 3n-dimensional unit hypersphere. Since τ * = (I − Γ + F Γ F )ξ, we get τ * ≤ ξ . Therefore, τ * with ξ given by (39) always satisfies the norm condition of (38). Substituting (39) into (37), we geṫ From (40), we define the dynamic manipulability matrix of multifingered grasping Γ G , which specifies the mapping from a unit sphere to an ellipsoid of the grasped object acceleration, as follows:
All sets of the realizable offset accelerations of the grasped objecṫ v B by all sets of the normalized inputsτ * ( τ * ≤ 1) form an ellipsoid, which is given aṡ
where (Γ G ) denotes the range of Γ G . This ellipsoid is termed a "dynamic manipulability ellipsoid of multifingered grasping." Similarly to the original dynamic manipulability, dynamic manipulability measure of multifingered grasping is defined as
B. Internal Forces
Since the dynamic manipulability of multifingered grasping was defined as a function of the internal force f I , as shown in (41), we need to specify the internal force f I . The internal force should be determined so that all possible fingertip forces under a given internal force f I satisfy the friction condition. From (29), such a set of f C with a given f I is given as
(44) Note that (44) gives a set of f C under no gravity effect, and we have to add f C g given by (35) to (44) when we need to consider the gravity effect.
Considering that (44) gives an ellipsoid with an offset in the fingertip force space, we can check the friction condition by scanning all possible fingertip forces on this ellipsoid (n-time 2-D searching), which is faster than scanning all possible joint torques in the joint space [(3n − 1)-dimensional search]. If we approximate the friction cone by a convex polyhedral cone, we can check the contact condition analytically by checking the collision between the ellipsoid and each plane consisting of the convex polyhedral cone.
When evaluating w G defined by (43), one can apply any internal forces as long as all possible fingertip forces satisfy the friction condition. Clearly, as f I becomes larger, the volume of the ellipsoid becomes smaller. To avoid conservative evaluations, usually the internal force is chosen so that it maximizes, for example, w G under the friction condition constraint. 2 Although it would be possible to search for an optimal f I in (3n − 6)-dimensional space, we can specify a feasible internal force basis that satisfies the friction condition, as shown in [22] , to restrict the search space. From (38), f I must satisfy the following inequality:
Inequality (45) means that the internal forces have upper limitations and form an ellipsoid in the internal force space. Let f I m a x be the maximum internal force along with the selected internal force basis satisfying (45), we can represent f I as follows:
wheref I is a scalar value representing the normalized magnitude of the internal force along with the selected basis. Then, the problem is reduced to find a minimumf I under the friction condition constraint. Note, however, that the minimumf I gives a suboptimal internal force because the optimal one may not exist along with the selected basis. 
C. Offset and Omnidirectional Property of the Manipulability Ellipsoids
Chiacchio et al. showed that the gravity force simply offsets the dynamic manipulability property [5] , [6] . In our previous study [12] , we neglected the gravity effect and did not consider the effect of offsets of the dynamic manipulability property due to gravity and internal forces. Here, we explicitly discuss on this point.
The offset of the dynamic manipulability property is defined by the following equation:v
where b denotes the offset. Equation (47) means that the resultant (normalized or weighted) acceleration can be represented by an ellipsoid defined by (42) and the offset b. Total offset is given as
where b g denotes the offset by the gravity and b I is the offset by the internal forces. From (34), b g is given as
From (37), b I is given as
Note that b I depends on how much internal force we specify, but b g does not. Also note that under gravity, we have an offset of internal forces f I g given by (36). Let f I d be the desired value of the internal forces, internal forces that should be realized by joint torque is given as
From (42), dynamic manipulability ellipsoid with the offset is given as
The ability to accelerate in all directions, namely omnidirectionality, depends on the offset, and it can be checked as follows:
nonomnidirectional.
(53) Fig. 4 illustrates three cases given by (53). Then, we introduce a new manipulability measure with a penalty as
where the penalty factor ξ is defined as 
D. Discussions
Here, we discuss two issues related to manipulability measure. Note that these issues are not specific to our measure, but would be related to some existing manipulability measures as well.
1) Dependency on Units and the Reference Point: Doty et al. [11] argued that the conventional manipulability measure has several problems, such as the dependency of the choice of units and the dependency of the chosen reference frame.
The proposed measure in this paper is consistent with the choice of unit because we introduced weighting matrices W τ and Wv . To make the object acceleration dimensionless, Wv can be a diagonal matrix consisting of the maximum accelerations for each component. We can also set it as Wv = √ M B −1 so that the weighted acceleratioṅ
vvB has components with the same physical unit. When we change the reference point, we have to change Wv accordingly so that the manipulability measure is invariant. Note that the formulation in this paper corresponds to the weighted generalized inverse suggested in [10] and [11] as long as the hand system is nonsingular.
2) Polytope Versus Ellipsoid: The manipulability polytope is an alternative way of evaluating the maximum achievable task variable (in our case, acceleration) under the constraint of joint variable (in our case, joint torque) where each element is independently bounded [7] .
Although the manipulability ellipsoid can be obtained analytically and handled more easily than polytope, one should note that the manipulability ellipsoid becomes an approximation of the polytope when each element of the joint variables is bounded independently. Actually, Melchiorri pointed out that the optimal direction obtained from the manipulability ellipsoid (i.e., the largest principal axis of the ellipsoid) differs from the optimal direction given by the polytope [15] .
IV. NUMERICAL EXAMPLE
In this section, we show some numerical examples using the proposed measure. Although the formulations in the previous sections can handle a general n-fingered hand in 3-D space, we decided to use a two-fingered robot hand in 2-D space to demonstrate the effectiveness of the proposed measure simply and clearly. Fig. 5 illustrates the robot hand used in the following examples. This robot hand has two fingers, each of which has two joints and the grasped object can make planer motions only. Therefore, the formulation in the previous sections was converted to the planer motion case with two fingers, wherev B ∈ 3 and f I becomes a scalar f I . The location of the first joint of the left finger (finger 1) with respect to the reference coordinate frame shown in Fig. 5 is p o f in g e r 1 = Table I .
A. Parameter Setting
Joint angles for each finger are defined, as shown in Fig. 5 . The motion range for each joint is set as 20
• . As can be seen from the motion range of the second joints, we assume that finger 1 is always elbow-up while finger 2 is always elbow-down. We also assume that actuators (motors) are located at the corresponding joint and drive the joint through a reduction gear with the ratio shown in Table I .
The grasped object is a 0.057-m square box, which has 0.02 kg mass with uniform material (therefore, moment of inertia is 1.083 × 10 −5 kg·m 2 ). The friction coefficient between the object and the fingertip was set to µ = 0.8. The reference point (the origin of Σ B ) is located at the gravity center of the object.
The weighting matrix for object accelerations was set to Wv = √ M B −1 , as explained in Section III-D. Using the values of the grasped object inertia, we actu-
The weighting matrix for joint torque W τ was set with the values shown in Table I considering the reduction ratio.
To evaluate the manipulability at each point inside the working space, we assume that the top and bottom sides of the object always face toward the origin of the reference frame, and the fingers always contact with the object at the middle point of the side face. Fig. 6 show only translation components, i.e., they are the projections of 3-D ellipsoids onto the 2-D linear acceleration space. Fig. 7 illustrates fingertip force ellipsoids given by (44) with different internal forcesf I = 0.4, 0.6, 0.8, and 0.51 at the finger configuration corresponding to that in Fig. 6 . We found that whenf I > 0.509, the internal force becomes feasible, i.e., all possible fingertip forces satisfy the grasp condition with µ = 0.8.
B. Manipulability Ellipsoids and Measures
In Fig. 6 , we deliberately show ellipsoids with different internal forces, including unfeasible ones and the ones larger than the optimal one (in this case,f I = 0.51), which usually means waste of joint torques. Then, the figure clearly shows that the size of ellipsoid becomes smaller and the amount of offset becomes larger as the larger internal force is applied. Whenf I is very close to 1.0 (namely f I is very close to f I m a x ), the size of ellipsoid becomes very small, meaning that the hand no longer has much extra joint torque to adjust the acceleration of the grasped object. Fig. 6 also illustrates the manipulability ellipsoid where no internal force is considered. Note that this ellipsoid is larger than the ellipsoid withf I = 0 since it can include the case where the internal force component becomes negative. Of course, all of the ellipsoids with various internal forces are inside this ellipsoid.
In Fig. 6 , the origins ofv B offset under gravity and inverted gravity, which corresponds to −b g , where b g was defined by (49), are also drawn due to the space limitation. When gravity is applied downward, the origin is shifted upward and most of the ellipsoids become nonomnidirectional. When the gravity is applied upward (inverted gravity), on the other hand, the origin is shifted downward and most of the ellipsoids become omnidirectional because the offset due to the gravity cancels the offset due to the internal force. Fig. 8 shows contour maps of the manipulability measure considering omnidirectionalityw G , which is defined by (54) in two different gravity conditions. We calculatedw G in a fan-shaped area with radius R = 0.065 m and central angle 120
• , which approximates the working volume of the hand system. Fig. 8(a) is the map ofw G under no gravity. Fig. 8(b) illustrates the case when gravity is applied upward. When drawing these maps, we used the minimum feasible (namely, optimal) internal forces at each location. We do not show the map under the gravity downward because every point in the working volume becomes nonomnidirectional in this gravity condition. Unlike the case of gravity downward, some points in the working volume become omnidirectional under the gravity upward, because the offsets due to the internal force and gravity cancel each other, as we have seen in Fig. 6 . Note that the contour maps of w G , which simply evaluates the volume of the ellipsoid at each point, are almost the same among these three cases, including the downward gravity case. This means that the offsets due to the gravity and the internal force drastically change the manipulability measurew G .
V. CONCLUSION
In this paper, we extended the concept of the original dynamic manipulability to evaluate the dynamic property of multifingered grasping systems consisting of a multifingered hand and a grasped object, and proposed a measure of dynamic manipulability of multifingered grasping. It was shown that applying all possible joint torques under a constant internal force constraint, the set of resultant accelerations of the grasped object forms an ellipsoid (dynamic manipulability ellipsoid of multifingered grasping). Similar to the original dynamic manipulability measure, we proposed the dynamic manipulability measure of multifingered grasping as the volume of this ellipsoid. To evaluate the dynamic manipulability of a multifingered system, one has to specify certain internal forces under which all possible fingertip forces satisfy the friction condition.
With the proposed measure, it was clearly shown that the internal forces not only affect the volume of the ellipsoid, but also the amount of offset of the ellipsoid, while the gravity forces simply induce an offset. A new measure, i.e., omnidirectionality, was also introduced to add a penalty to the original manipulability measure, which simply evaluates the volume of the ellipsoid, depending on how much the ellipsoid is offset.
Numerical examples by using a simple two-fingered robot hand were shown to demonstrate the effectiveness of the proposed measure, including the effect of offsets of the ellipsoids.
Like the original dynamic manipulability measure, the proposed measure is a local index. It would be possible to define a global index by integrating the local index over the workspace of the system considering how frequently the robot visits each point [16] .
I. INTRODUCTION
Manipulators' joint forces and torques, i.e., the generalized forces (GFs), are naturally bounded due to the actuators physical limits. For this reason, the GF bounding problem has been widely investigated in the past. Several solutions have been proposed, which can be roughly divided into two categories: offline and online approaches. Offline approaches are normally based on algorithms for the optimal trajectory planning that consider the existence of kinematic and/or dynamic constraints. For example, in [1] , a minimum-time movement along an assigned path was planned by accounting for constraints on joint velocities and torques. However, when an optimal trajectory is used, there is at least one joint that is constantly working at the maximum of its kinematic or dynamic capabilities: Due to model uncertainties, the control could be lost easily. Several online algorithms have been developed in the past to handle this problem. The scheme that is originally proposed in [2] is often cited as an example: Dynamic constraints are satisfied by means of an online method that automatically and appropriately scales assigned trajectories.
Similarly, GF derivatives (GFDs) are also physically bounded. For example, in the case of electric actuators, the available supply voltage 
